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AB911UCT 

The an&lyils of ballistic slsslle perfonttace lnvolvefl the deterxinatloc 

of tar^ett for Wiich the effect of propellaot depletion If statistically 

acceptable.    Therefore   Cy  ,  the probability of avoiding propellaot de- 

pie t loo prior to ooraal guidance shut do¥D, plays a fundaaeotal role. 

It is convenient to introduce a propellaot reserve function    J^»     eod 

express     (£    as toe probability that   X^ >, 0        .    ISiis probability is 

detentlnad in teras of the statistics of systea paraaeters by assuaiog 

a linear expansion of the propellent reserve function over a regioo 

correspoodinf to dispersion for a particular laur.ch-site/target coetolna- 

tion.    By approxlaatlog the probability distribution function for 7^f as 

an equivalent noraal one,  en explicit solution can be obtained in teras 

of the expected value,   •'"Cf   ,  and the staadard deviatioc     6^ 

Alternately, a range function can be utilited to obtain the sane result. 

Itien considering the target-range at constaot probability it is useful 

to define range-exchange coefficients.    Methods are discussed for utiliz- 

ing such exchange coefficients to adjust previously obtained perforaance 

results to account for changes in systea paraaeters.    Also,  sooe addi- 

tional approxlmtlons are considered.    Ibe results are not essentially 

new but an attaapt at a aore coaplete and rigorous presentation Is 
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RA3GZ TSSSWMkSZZ A3 STATISTICAL ZJ-HZEZ ZAFf-J-ZlZTt 

~2:.e q u a n t i t a t i v e d e f i n i t i o n of range performance f o r a b a l l i s t i c m i s s i l e 

r e q u i r e s a mere d e t a i l e d concept than simply t h a t of " f i r i n g tne m i s s i l e 

as f a r as i t w i l l g o " . To a r r i v e a t a s u i t a b l e d e f i n i t i o n , l e t us conside 

a par t i cu lar launch s i t e of i n t e r e s t , a long with the cor responding se*. of 

ope ra t i ona l l y - s r - apec t r a j e c t o r i e s f o r soae s p e c i f i e d i n i t i a l a z i a u t h ang .e 

l i ie re w i l l tnen e x i s t ax. a s s o c i a t e d locus of t a r g e t s on the e a r t n s t a r t i n g 

a t some • l n l a u a a l lowable t a r g e t - r a n g e and ex tending away f r o a the l auncn-

s i t e . To d e f i n e a cor responding ' rax; sr. a: t a r g e t - r a n g e " we must e s t a b l i s h 

tne extreme t a r g e t p o i n t ou t along t h i s locus t o vfcich ve can a c t u a l l y 

t a r g e t the system wi thout d e t e r i o r a t i o n of weapon e f f e c t i v e n e s s to aose 

unaccep tab le l e v e l . The a s s o c i a t e d ques t i on of t a r g e t i n g c a p a b i l i t y t n e r e 

f o r e invo lves f i r s t a d e f i n i t i o n of system e f f e c t i v e n e s s f o r any l auncr . - s i 

/ t a r g e t coeh ina t ion { n e c e s s a r i l y i n s t a t i s t i c a l t e r m s , , and second t h e 

s p e c i f i c a t i o n of " a c c e p t a b i l i t y " as determined by an a p p r a i s a l of toe 

e x i g e n c i e s of the s i l i t a r y / e c o n o & i c s i t u a t i o n . The p r e s e n t d i s c u s s i o n 

w i l l dea l with only toe t e c n n i c a i p r o t i e s of de te rmining system e f f e c t i v e -

ness f o r a l l t a r g e t s of i n t e r e s t from any p a r t i c u l a r l a u n c h - s i t e . 

For any s e l e c t e d t a r g e t a fundamental aeasure of system performance i s k l 

p r o b a b i l i t y , which i s d i r e c t l y r e l a t e d t o t h e impact s t a t i s t i c s . For a 
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sufficiently high probability of achieving proper guidance shutdown without 

running out of propellent, the impact statistics depends only on tne accuracy 

capability of the guidance system. However, as targets are selected at 

greater anc neater ranges, the statistics for propellant depletion nas a 

significant effect, so as to increase impact dispersion and consequently 

decrease kill probability. Ttus kill probability varies with range to the 

target. For targets at medium ranges this probability is at an almost con-

stant value corresponding to the statistics of guidance accuracy, and then 

decreases sharply as targets at greater ranges are considered and propellant 

depletion becomes significant. 3£ie "nwyima target-range then correspond" 

to the target for *iich this deterioration in kill probability due to propel-

lant depletion reacned some acceptable (small; limit value, with targets 

at greater ranges corresponding to lower kill probabilities. 

effect of propellant depletion statistics upon Impact statistics, and 

consequently upon kill probability, for a given launch-site for various 

target-ranges is embodied in the quantity 0^ , the probability of avoiding 

propellant depletion prior to noma! guidance shut down (for a non-malfunc-

tioning missile). A direct relationship can be established so that for a 

given launch-site and initial azimuth, w can consider the probability <3, as 

a convenient measure of systen "range performance" that is equivalent to a 

measure of "effectiveness" for the target being considered. The target at 

mnr1 mis range thus corresponds to the value of that has been separate-

ly determined as being consistent with a specified allowable deterioration 

in >ri 11 probability due to propellant depletion. 
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To Introduce $ In matnematical teriLE we consider it as tie conditional 

prooability for any iauncn-site/target combination corresponding to approp-

riate design operating conditions sucr as wind, atmosphere, etc. Let 

PL., , H L denote the geographic latitude, geodetic longitude, and 

geodetic altitude respectively for the launch-site and t AT y Hy 

similarly for the target. TLen we can represent Of by a function as 

follow: 

*here 

= <pT ~ <£„ (1.2) 

A A - AT ~ At (l• 3) 

(1.1) 

As trou^t out in tne previous discussion, it is -useful to introduce a 

range quantity corresponding to some appropriate measure of separation 

between points on the eartz.. One possibility for this is a quantity 

proportional to the central angle for the two points ( A ^ and 

( ̂  AT") 0 0 t, *̂e reference ellipsoid. We could alsc consider the 

geocentric piane through tnese two points and define range as the dis-

tance along its elliptical intersection with the reference ellipsoid. 

If we let denote the range front launch-site to target, tnen ve 

can express it as a function by 

\ = R T ( ^ , 
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Rather than utilise tbe geodetic coordinate quantities      A^,   AX    to 

represent tbe target location for a given launch site,  it is acre conven- 

ient for perforaance analysis to introduce SOBS locus of targets on the 

referonce ellipsoid and utilise tbe target-range   Rx   along the locus 

as an "identification label" for the corresponding continuous set of 

targets.    Thus tbe perfonoance quantities for this target locus can be 

expressed as functions of    K-j.   instead of     A#  A>   .    Various defin- 

itions of target loci caa be utilised,        e.g.,  the intersection of tbe 

reference ellipsoid vith a geocentric plane froat the launch-site at a 

specified asiauth.    One aethod of particular interest is that of specify- 

ing the initial trajectory asiauth,    of»     .    For any launch-site/target 

coabination there will exist an associated trajectory vith eomc particu- 

lar    0(m    deteraioed uniquely by the specific trajectory calculation 

process applicable to the systea under consideration.    Thus -we can ex- 

press     0€m      as a function by 

or.     =   or, {f^i^ ^^ MT] (1.5) 

Ihen inversely,    A^/ AX    can be determined fron (1^),   (1.5)    if 

0S *•/ % / MS ^r m ÄlVCn'   ^ that 

6+   -   ätU.,*;^,*^**] {1,$) 

AX    -    älit^*.,**, Ws Mr] (1.7) 

Substituting (1.6),   (1.7)  into  (1.1) ve can then consider an alternate 

function for        (/•       as 

% = P,f^.-.A,Hl/HJ5 (i.e) 
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ThuM,  for a given launch site and target altitude  Hf> i the perfomance 

quantity  If   can be represented by constant probability contours on 

the surface of the earth as given by (1*1); or alternatively. It can be 

given, by (1.6) as a function of  Kr  for various allowable values of «f, . 
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2. IgOgni^jjT RB3KRVB FUWCTIOW 

The significant perfomance probability function     0*     discussed In 

Section 1 can be analysed conveniently at discussed below by introducing 

the concept of reserve propellent.    For a particular launch-site/target 

coablnatlon «e consider a conceptually large population of flight trials 

without equipwnt aalfunction.   For any such flight trial with a no mal 

guidance termination without propellent depletion, let   Mr  denote the 

available propellent reaaining at final cutoff.   For a flight trial with 

propellent depletion prior to e normal guidance termination we define 

the corresponding available propellent et burnout es negative.    It is 

important to note that the positive available propellent   Mr In the 

case  it a blpropellant liquid engine will not all be burnable, due to 

outege.    By outage is aeent the emount of one propellent remaining above 

its ainlss« available level «hen the available mass for the other has 

been expended,    lb account for this we define en outege     K#    for the 

final stage by extrapolating the mixture ratio to propellent depletion 

in some eppropriate fashion.    In addition, we let J*tp denote the cor- 

responding "propellent reserve" at cutoff — that is, the remaining propel- 

lent that could have been burned if guidance termination had been eliminated. 

Ttaim, 
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Then the probability  (j-  of achieving a normal guidance shut down Is 

given by 

Q    > fractional number of trials with a normal guidance 
termination without propellent depletion 

- Probability that Ttf >, O (2.2) 

Ihe quantity ^Lf  varies with each trial due uo variations in the many 

statistical parameters of the system as well as external disturbing quanti- 

ties associated with the flight. We assume that in general we can define 

appropriate quantities X| ** * ^n  to represent all such uncertainty 

effects. A function  Hr  i8 ^en defined by appropriate trajectory 

calculations and can be represented by 

My " ^CJ^A^AX^Mr;*,/"X,,!     (^.3) 

It is clear that (2.3) is a function of the launch-site/target combination. 

Recalling (1.6), (1.7) we can consider an alternate function for VAr   a6 

MT 
a WT^C^^H^H^X,,-"X^       (2.4) 

and from (2.1), 

Stf '   MrtA^.^T^HsHT; X,, ". X^ ' X.   (2.3) 

If we know the statistics of Xo,   * "  '   X« »  then utilizing the 

function (2.5)»   it is in principle straight forward to calculate    £(*0 » 

the probability distribution function for Kf e.g. by a 

Monte Carlo computing technique.    Thus from (2.2) we see that     Q- 

can be evaluated as 

$= U<*f)"v (2.'--) 
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A practical approximation for the calculation of involves a linear 

(power series) expansion of the function (2.4) about a set of nominal values. 

Let denote a conveniently chosen nominal value of X* , with 

K " o t I • • - •* such tha t 
X* - X«* + AX* (-2' ft 

Also, l e t M»- ~ KM +" (2.8) 
H T ' Hrw + A H T (2 .9 ) 

If the are small, then we write (2.5) as 

AM H + U (2. io) 

v h e r e HTW; X.fci/- - X * , ] (2.11) 

W-fW M T * ~~ Xcw (2.12) 

BIL AHt • BMT (2.13) 

®Hl • O - RT> ^ ; *'*>"' *•»« i (2.11*) 

B ^ . < 2 - « ) 
v » £ 6 „ AX* (2.16) and 

••*-»»} (*?i) 

Then letting ytf denote the expected value of Wf , we write 

Ryf Ht/ HT) = ^fN •*" A M M f XJ 

Thus ( 2. 10) becomes 

*r - y*f •+• u - v 

(2.17) 

(2.18) 

5tf -4- y . 6MCXK'XN.) (2.19) 
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Hie standard deviation Op for the s t a t i s t i c a l quantity i® 

given by 

where 

U»v M
?T] 

-- | I'' 
^ k v t « > « * 

-- {ze» '̂*• £ £ z f « . f v (2-2o) 

= {(x. - **r.p 
P s P - r ~ * ; ) Jim. >«i <v<T 

Let us approximate the probabi l i ty d i s t r i bu t ion funct ion f fOs) by a 

normal d i s t r i bu t ion having the same mean J*Zf and standard deviation 

as yXf • 15*en (2.6) can be approximated as 

(2.21) 

(2.22) 

^ i ^ Act Rr, \ C. <**• 
U-o 

s I V. <*> - £ U 

2 where 

u - - n . 
H p . „ ^ U 4 " 

£ + S C.C (2'23) 

•V" nrt&rf.,RrA,"T^ " /«r 
Thus the quantity f t depends only on the value of Op for the launch-

site/target combination of interest. From (2.2k) and recalling (2.lS), 

(2.20) we see that the following quantities are involved: 

(2.24) 
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(1) Selected nodJMÜ   vmluei: 

(2) 3yi*m statlitical quAntitl««: 

(3) Trajectory quantitle» dependent on    0^   if,   ^T 
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3. RANGE FUNCTION 

Instead of the function H T discussed in Sec. 2 it is sometimes useful 

to formulate the performance analysis in terms of a range function as 

follows. For a particular launch-site/target combination we determine 

*11 trajectory-related parameters by the applicable targeting calculation 

process for the system. Then we consider the hypothetical situation 

such that the missile operates under closed-loop guidance, except that 

instead of guidance termination we cutoff thrust when the available 

propellant reaches some arbitrarily selected value Mk« , where 

includes the extrapolated outage and reserve propellant. If the system 

utilizes a vernier we include a nominal vernier phase. The resulting 

range OL it* thus a function defined by appropriate trajectory calcu-

lations and can be expressed as 

& = (3.1) 

Recalling (1.6), (1.7) we can consider an alternate function for (& as 

d = H^HT Xn,**] (3.2} 

In general the functional form of depends on the launch-site/target 

combination as indicated in (3*2), due to the trajectory shaping and 

guidance steering that is dependent on this combination. However, for 

given /0^oJ some systems utilize the same trajectory shaping 

regardless of , and we can write a corresponding function for ̂  as 
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(R. = !33) 

In such a case, 61 as a function of M k. for particular values of ofa 

etc., is the sane as range to the instantaneous impact point versus available 

propellent for a single trajectory calculation. For aysterns in which this 

is not the case, GL Bust be obtained by a separate trajectory calcula-

tion for a particular value of K T by utilizing the corresponding target-

ing calculation to secure the proper associated trajectory shaping. 

to obtain the relation between the range function R and the function M-f 

of (2.4) we recall that MT * when (R, ~ R-y • Thus Mf defined 

implicitly as a function of R T J Htj
 by 

R T = HT, <3.M 

Introducing the nominal quantities •• • Jf** and recalling (2.11) 

we obtain 

RT ' RT) (3.5) 

Thus (3.5) determines implicitly, lb calculate n f we require the 

additional trajectory quantities t ©H T defined by (2.14), (2.15) and 

B, ••• B M as defined by (2.17 Thus we write (3.4) in differential 

form, with Rr held constant: 

- K, HT, *./••*», V M}«»T 
U ~ *** *•> 

k » 1 

(3.6) 
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- - — '3•'/ 
i * , *,,... *.,>M 

I R T , H * , H,. K , , " - < • , r ^ T | 
j M r R « - , R T , B . , H „ y M (3d) 
i H i 

H.A.V ' M ^ T 
&% R r , Ht.Hr, *i, • ' * *>v i 

' (3-9) 

Let 

A . - A C C ^ > . , R T ) - (3 .10 

Aiu.1 A J & - v RT) = **{*.,«> ,«*. (3.11 
JHUJ 

A . i f i w P ) -AHT - A ^ *-,*S T ' - ^ 

and f o r K : », * * - r \ 

*K*/Rn 
AK

 1 A„<*. ,<,Rr) ' ayKH ' (3-1 

Then r e c a l l i n g ( 2 . 1 4 ) , ( 2 . 1 5 ) , (2 .17) we ob t a in the fo l lowing important 

r e s u l t s : k 
— 

R»i, A. (5«"-J' 
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for K  5. 6^   • • -     1* 

B^ 
A* 

(3.i6 

wr.ere we expect A.< 0 

Ion With Mr«« and   ^ 0L. f, - -0 determined «e can write the linear functl« 

T^Lf given by (2.10) and can calculate    Öf   from (2.10),   (2.30,   (2.23), 

(2.24). 

It is useful to approximate the range function (3*2) by a linear expansion 

•*>out »U,*»* X.M, ••*■*, Mr*   '    Thua fro« (3.2),  (3.5) «c write 

A special case for the function   Ov,    tr^at  is Important in studying the 

effect of propellant depletion on impact statistics corresponds to missile 

operation until propellant depletion.    Thus we have   M^ -    X0 -   outage 

for the final stage.    The corresponding range function is denoted by   Otf 

and represented by 

(Xf   
r  RU,*.,*TA,HT, >V   ^X^ (3.16 

The llnearited form for (j\f   is given by (2.12), (3.17) as 

(Äf   -- f\T ^ ARM  ^ Y   - A.'Kv (3.-9) 

where, utilizing (2.15),   (3.1^),   (3.15), 
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1̂  J. - A|4LC H t - Hew ^ A n r ( M-r M-j-*) 

- - A . A M M (3 20) 

and u t i l i z i n g (2.16), (3-16) 
l * 

* L ' Afc. C/fc - if*,,) 
* «• 

- - A. U (3-215 

Recalling (2.10), then (3.19) can be wri t ten as 

£?-f = RT - A. Ttp (3-22; 

Then —— 
Rf * RT + AR# i ~ A, (3.?3*t< 

= RT - Ao K , 

Thus 

(3-2>*.; 

<Rf = K, ~ A . O t r - > t r ) (3-2^ 

Recalling (2.20), we obtain the standard deviation <Jĵ  fo r 

as 

oi 
z (Aol C£ <!.?.<; 

We therefore approximate the probability distribution function for 

® ? by x 

-{ft,-= € ,i26) 
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TYie cunulatlve probability      VJ, is given by 

(J,^    =   G^«, 

i   ^   Ue- 
where hf ^V^^^KMr)   «d        C^   =   «(*,% «r^lO 

We recall that     Ü(»      relates to the hypothetical    situation of a trajectory 

corresponding to a target at    ^T   ,   for which we eliainate guidance termina- 

tion and continue to propellant depletion; and     (E > ^^      is tl;e probability 

that in such a situation a range of at least     R«      will be achieved.    Thus 

(JJ,   ^ ^        it Identical with   Of    ,  which can be seen fron  (3.27) by com- 

paring with (2.23). 
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ADDITIOWAL PERFORMANCE CALCULATIONS 

It is often oi   Interest to consider target-range for given      0U    0<'o 

corresponding to some specified value of the probability    Qu In 

particular,   conparison between various systeins is more meaningful in 

terms of differences in target-range at the same probability level rather 

than differences  in probability for the saae target-range.     'Rius for any 

change in paraaeter values we sure interested in the target-range f^ to 

maintain the sane probability value  \Jf   corresponding to  Rx    for the 

previous conditions.    An important example of how this calculation can 

be accomplished is given below in discussing the method of handling 

launch-site and target altitude  quantities differing from standard values. 

Launch-Site and  Target Altitude 

Let us suppose we have obtained the probability results for the nominal 

a * a        ^ 
conditions  Ht =   HLH »   Hc    ,    Mr =   HTH *   HT    vhere    HL     HT are 

convenient standard values  chosen for suitable linear expansion.    Denoting 

this  special result as       gp =  6f(A ,«., RT) ^ (?f ( #s »., RT . rfj, H?)      U.l) 

WP  write  from <2.1Ö),   (Z.2}\   (2.2^): 

?) 

irrl 

<  = «vU^-A) = nf(^^ RT,H» H?) 
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vhere 

(U.3) ^p 3 ^{M^   + J^B^^^-^"!'^} 
IC 1.1 

and * f- 

We se«k to determine the value of    K,,   corresponding to    60 r v» 

with       ML r    Mt    •♦•AHt      MT 
s     H*   ■♦"AM^   •    l^us the basic condition 

for determining   (£,     Is given as follows: 

O 

«here 

(^.6) 

and 

Thus 

M^ ; M^^O^M^^RIA*,«;;^"^-^     ^') 

htpa ^r (^3) 
^ ot ^   RT ^ f^J     1 then in keeping with the linearization assumption 

being utilized. 

= B.C^^vR^ <*•') 



Then substituting (4.3), (4.6)  Into (4.8) and utilizing (4.9), we obtain 

BUK - O + Efr(
Hr - O  =   M^ " M;,, C.IO) 

Recalling 0.5),   (3.10) we write 

-    RlA,^', Rr, H^ H^; V-X.w.MTf.) 

In step two above we have neglected the change in the form of the range 

function due to the retargeting from f\-_ to    |?T      as in (3.3)«    Com- 

bining (4.10),   (4.11) and utilizing (3.1^),   (3.15) we obtain 

K    *      Kr     +A** ■^.i: 

where as in (3.20), 

K   *  ^("i-H!) +-AVHr-H;) (U.: 

Thus if   RT   is the target-range for a probability     0^      determined for 

standard altitudes     H».    Hr   ,   then we ada   A KM    to It to get  the target- 

range at the same probability   (jp       corresponding to altitudes      H».    HT • 

Changes  in Expected Values 

Another performance  calculation of  Interest is that arising from a re-eval- 

uation of the expected values   X»     * ' *   X»,     for which we have previously 
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obtained the result      (j    -   Pp (^ or0 RT HSHTV    Let the new expected 

values be denoted by    JM    • • •    3( J and let the standard deviations 

At  • • *   (71        remain unchanged.    We can obtain the new probability 

Q*   • (P f A o/   P    H     H^ a8 f 0lloV8 •     Nov the nominal expansion  (2.1C/   »s 

independent of the expected values.    Thus from (2.1Ö),   (2.24) and assum- 

ing this linear approximation to be valid over the Interval including the 

new expected values,  vith dispersion around them,  ve write 

f1 f^*-/   •/^T,
/nt>HT)   corresponds to fxo • • •   X^»,) 

and 
AIV 2   ^ CBKC^- ?,) (,.15a) 

*. *■• 

^«        ft    *— 

Then from (2.23), *, *tX\f 

where ^'       F 

^ (4.17) 

«f 

As discussed previously,  instead of calculating a new value     (jf     for a 

particular launch-site/target combination        fd>   &      f^T     ^j t    HT) 
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we may be interested in determining the target-range increment at some 

particular value of probability arising from the change in expected values. 

D t That i s , we seek to determine r \ T such tha t 

r A, H0 <>••"»> 
From (2.23) we see tha t 

RT, ~ RT f HLJ HT) (b.lp? 

From (2.2U), (2.18) and assuming =: <£ <*<, R - ) ~ p( R * ) 

Q we obtain 

M r * M T N 

as in (̂ .9), then we obtain H 

iL - Mr* = YL Bk(̂  " **) 
k. -c 

- (1+ .20) 
Ac 

k 
where we have u t i l i z e d (3.16) and 

M r u ~~ M T I H ( * • ) R T ) (^ . ;J I ) 

M r * ~ (• ^T) (U.Z2) 

Recalling (3«5)> then as in (̂ .11), we obtain 

Rf. r RT t -t<\J (h.zv 

Then substituting (4.20) into (4.23) we obtain 

RT ~ RT AR* (4.2U) 
K 

where t AR* = y 1 ~ X0 (4.25a) 
K--. 

-t -\AJ AKp ^ (4.251x 

with AHp given by (4.15) and ^ hy (3«25) 



Page 4,6 

The expressions  (U.2^a) and (U.13)  snow the adjustments  in  targetorange 

under parameter changes,  at constant probability.    Accordingly, ve say 

that range is exchanged for a compensating parameter change and call the 

quantities      AH     AM      AO    • •  • AK "range exchange coefficients." 

For the   "maximum target-range" case discussed in Sec.  1 they would be 

called specifically "maximm target-range exchange coefficients" ,  and 

it is this set of exchange coefficients that we are most interested in. 

Additional Approximations 

A useful approximation that has been found valid for some systems is to 

consider the quantity     0*     of  (2.20) as constant and independent of the 

launch-site/target combination.    Thus with    0^    determined in advance it 

only remains to find ^C*    in order to calculate    Of       for any    ^ «r« Rr li.Mr. 

If   Hts Kx    HT  1 HT*     *nd the nominal quantities    Xnu   • • * ***   are 

selected as expected values we see from (2.id)  that    MTM   ^a the oniy 

trajectory quantity required to determine    Op      for the target of interest. 

Ttiia is particularly useful for determining     (jp      as part of an opera- 

tional targeting calculation. 

For the special case of      ^t  =-    HL|J HT   r    HTN 

for all ranges and for given     <^ ( &*       ,  then the probability function    Op 

is determined by   )f«     ukich can be represented by a function 



Pa^jp 

To differentiate  (4.26)  we recall  (3.5),   (3'10)  ard obtain 

^>    ^     1 (..;.8) 
<J RT 

In (4.27)  we have neglected  the  change  in form of  tne  function   Üv.   for 

different  targets,   as  in  (3'3)- 

The function given by  (4.2b)   completely determines    Üp    as a function of 

KT •     As       ./*\^(Vr)     varies almost linearly vith      Kx    »  no^ »M^y deter- 

minations  for values of    R^     are required.    This  suggests an approxi- 

mation in which we Introduce linear extrapolation by a determination of 

the function and its slope at  some range   KT .     This would be effected 

over the  interval of all ranges of Interest.    We note  that this differs 

somewhat  from the approximation  (2.10)  in which we  linearize only over 

the dispersion for a given target.    To discuss such a procedure we first 

define 

A linear approximation to  (4.26)   can be wrlttcn as 

A.     "^    ^Ur-  Rr] (^•32) 



Page U.8 

Utilizlcg  (2.2^),  we obtain 

wr.cre 

Thua  from  (2.23), 

(? I 
2_ 

N »s. I 
R.    ?      Rr   - A. X fN 

(^•33; 

(;- 3^; 

(U.'- 

We note that     6p   ~   O.fi «hen        f^T t  f^a    and that the quantities 

^0    OT completely determine  ty     in this method of approximation. 

TY.us if the noainals are selected as expected values and if    ^C>    ~  0    > 

rT    '   eT ^ then from (^.32),      K©   "  ^T   "^ on^y    0^    ^8 required to determine 

P   (^   ^,    |[T ^ .    Selecting RT at  .^0    probability however requires 

a linear extrapolation over a longer interval than if   Rr   corresponds to 

a reasonably high probability,  and is therefore not reconnended. 

Tb  calculate the error due to the approximation  (^.32)  let 

o; - ojV) = i 

and 
r    -i     + (?r    =   (?P(Rr) -  i 

To determine the difference between the approximate target-range f^ 

and the more correct value RT for an arbitrary probability level ft 

we write 

(M6' 

(^•37/ 



or 

Therefore 
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Qrl fU) - <?*(*?) (1-38) 

X/KT) = X ^ ( R t ) 

- V , 

Ao = Jtr. + £I* t -«rl 
- i [RT -?T1 +- *^}r 

A I_"T «• T J - (^*39/ A ' A. 

RT = RT +- AR* 

where the e r ror AR* a t the probabi l i ty of i n t e r e s t i s given by 

AR* = - A. { Jtf RT") ~ ̂ ( RT)̂  (U.Ul; 

Biis i s shown schematically in Fig . 4 .1 

Fig. 4 .1 
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iwnac    or    SYMBOLS 

S^boi 

3.10 3.3 

SyBbol Iqufttion Jto 

^o 4.8 4.1 
**. 3.U 3.3 U.17 4.4 
A^ 3.12 3.3 H 3.1 3.1 
*K 3.13 3.3 3.2 3.1 

1.5 i.k 3.3 3.2 
B«. 2.1k 2.3 3.17 3.4 
B-r 2.15 2.3 Kf 3.I8 3.^ 
BK 

« 

2.17 2.3 3.19 3.4 
k.k 4.2 3.24 3.5 

Hu - 1.3 I* 3.23 3.5 AH,. 2.8 2.3 Kr 1.4 1.3 
- 2.3 AflJ 4.25 4.5 

Mr 
- k.i ARr 4.41 4.9 
- 1.3 ^^ 3.20 3.5 AMr 2.9 2.3 /iC ^13 M 

.A 

- 2.3 /'* 2.22 2.4 
H; « 4,1 

Ar 

"T* A ^V 2.21 2.4 
- 1.3 ^r 2.20 2.4 
- 1.3 V 3.25 3-5 

io 1.3 u 2.16 2.3 

Mr 

2.1 

k.32 

2.18 

2.12 

2.3 

3.1 
2.1 

4.7 

2.3 

2.3 

2.1 If 

1.2 

1.3 

1.3 

1.3 

2.1 

2.2 

MtN l.U 

k.k 
2.3 

4.2 Y 
2.7 
3.21 

2.3 

2.3 

3.5 i*l. 2.13 2.3 

If 2.2i» 2.V 

^r' ^.3 4.2 

^ M3 4.8 
Ahp ^.15 4.4 

^r - 1.2 
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